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ABSTRACT. Let S'(G) be a Segal algebra on a locally compact group. The
central functions of S!(G) are dense in the center of LY(G). S'(G) has
central approximate units iff G € [SIN]. This is a generalization of a result
of Reiter on the one hand and of Mosak on the other hand. The proofs
depend on the structure theorems of [ SIN]- and [IN]-groups. In the second
part some new examples of Segal algebras are constructed. A locally
compact group is discrete or Abelian iff every Segal algebra is right-
invariant. As opposed to the results, the proofs are not quite obvious.

Let G be a locally compact group. L'(G) denotes the involutive Banach
algebra of classes of complex-valued functions on G integrable with respect to
the Haar measure. (For reasons of practice we do not distinguish between the
classes and the functions. We also write f(x) = g(x) instead of f(x) = g(x)
for a.e. x € G.) With C%G), respectively K(G), we denote the continuous
functions vanishing at infinity, respectively, those with compact support. For
the characteristic function of a subset A C G we write C,. For a closed
subgroup H of G it is known that G/ H always has a quasi-invariant measure
[7, Chapter 8, §1]. The corresponding L'-space is denoted by L(G/H). For
f € LY(G) we define

ft
Tuaf () = [ qug 7 (x) = %,

where 7, denotes the canonical morphism of G onto G/ H, and where g is a
strictly positive continuous function on G satisfying

9(w) = 9(x)Ay(MAs(»y~"), xEGy€EH

(A¢ [Ag] denotes the Haar modules of G [H]). Ty, is a linear operator of
LY(G) onto LY(G/ H) with

1Ta o<W f€LYG), and Ty, (K(G))= K(G/H).

G operates weakly continuously on L'(G) via the isometric operators A,y€E
G, defined by
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AS(R) =f (r%)a(r~%)/a(x),  fELNG/H).
We have

Ty, Lf=ATy.f, f€LY(G)y€EG,
where L f(x) = f(y~'x). A detailed study of Ty, is given in [7, Chapter 3,
§§1,2].

Let S'(G) always be a Segal algebra on G in the sense of [8], i.e.

(S,) S'(G) is a dense linear subspace of L'(G).

(Sp) S'(G) is a Banach space with respect to a norm || || satisfying
Ifls > I/l f € SY(G).

(S;) y—> L, is a weakly continuous representation of G by isometric
operators on S'(G).

In particular, it follows that S'(G) is a left ideal in M'(G), the involutive
Banach algebra of all bounded measures on G. A detailed study of Segal
algebras is given in [8].

We briefly recall the classes of locally compact groups that we will need. B
is always a subgroup of Aut(G), the group of all continuous automorphisms,
containing all inner automorphisms.

[IN]p: G contains a compact, B-invariant neighbourhood of the identity.

[SIN];: G contains a fundamental system of B-invariant neighbourhoods
of the identity.

[FIA)g: B is precompact in Aut(G).

If B is the subgroup of all inner automorphisms, we write [IN], [SIN],
[FIAT. The reader can find a detailed discussion in [1]. In general, the
notation of [7] is used in this paper.

Analogously to the paper [6] of Mosak we characterize the class [SIN] by
the existence of central approximate units in a Segal algebra. In contrast to
the case L!(G) it is not trivial that there must always exist central approxi-
mate units in any given Segal algebra. This result also complements partially
that of Reiter, who considered special Segal algebras on compact groups [8,
§17, Theorem 1].

THEOREM 1. The following statements are equivalent:
() G € [SIN].
(b) S(G) has multiple approximate units contained in the center of S'(G).

REMARK. In the proof of (a) = (b) we construct multiple approximate units
of central functions which are even bounded in L'(G). Therefore, Theorem 1
of [8, §9], formulated for right ideals, is true for every Segal algebra on a
[SIN]-group.

PROOF. (b) = (a) Let (u,), <4 be multiple approximate units of S'(G). For
x # e, the operator L, cannot reduce to identity on (u,), <4 because S'(G) is
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dense in L'(G). We repeat the arguments of [6] to prove G € [SIN].

We write Z'(G) [Z*(G)] for the center of L'(G) [S(G)).

(a) = (b) From [1, (2.13) Theorem] we obtain that G contains an open,
normal subgroup H = ¥V X K, where V is a vector group and X is a compact
group, such that H € [FIA]; (B denotes the group of the inner
automorphisms of G restricted to H). Moreover, we may assume that both ¥
and K are B-invariant [1, (1.1) Theorem]. For a finite subset F ¢ S'(G) and
e > 0, we can take u € Z!(G), suppu C H,u > 0, ||u|, = 1, such that

) l«u*f—-As<e/2, fEF,

holds; this follows from (S;) and [6]. If we can find a v € Z*(G) with
@ = of<e/2M, M=max{|f|s|f€F}, |0, =1
(1) and (2) yield

lo*sf-fls<e fEF

We consider u as an element of L'(H). It follows from [11, Theorem 3] that
we can approximate u by functions of the form w = I¥_, f, ® x,, where
f, € L\V) with f, € K(V), 1 < n < N, and x,, 1 < n < N, are characters
of K (see [7, Chapter 5, §4.1(1)] and [10, p. 85]). Since B is precompact in
Aut H, we can form

w* = fB_Saw da,

where S,w(x) = w(ax), a € B". Since B is compact and the Fourier trans-
form of w has compact support, we have w* =3M_ ¢ ®x,, where
& € L\(V) with g, € K(V). For e=71®3M_, x,, with 7 € K(¥) and
#(V)=1,6 € Uicmer SUPP &, We have ¥ « w* = w* (here the convo-
lution is that of L'(G)). Since ||u — w*||, < ||u — w|, holds, the proof is
finished by the following;:

LeMMA 1. Let S'(G) be a Segal algebra on a locally compact group G, and
let F be a subset of L\(G). If there exists an element e € Z(G) with f » e = f,
S € F, then there is an element ¢ € S'(G) with f + ¢’ = f, f € F, in particu-
lar, F C S'(G).

ProOF. Take g € S'(G) with ||g — ||, < 1 and set
e’=(e+ > (e-g)")*g
n>1

(here (e — g)" denotes the nth convolution product of e — g). Settingh = e +
2,51 (e — g)", we obtain

€) frh—frhr(e—g)=f*hxg
On the other hand, the left side of (3) is equal to
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fe(e+Se-g-ere-9-S (-9
n>1 n>2
=frx(e+(e—g)—ex(e—-g) =1,

REMARK. We de not know a direct proof of Theorem 1 without using
structure theorem of [1, (2.13)].

Let A be a closed subalgebra of L'(G); it is not trivial whether [4 N
SY(G) = 4.

THEOREM 2. The center Z°(G) of every Segal algebra is dense in the center
Z\(G) of L'(G).

REMARKS. (i) It follows from [6), that G € [IN] iff Z*(G) # {0} for every
Segal algebra.

(ii) It is constructive to consider the theorem for the groups S; X R (S
is the symmetric group of order 6) and for the semidirect product R X Z(2)
(Z(2) denotes the cyclic group of order 2). Even for these simple cases the
proof is not obvious. For example, let us discuss the second case G =R
X,Z(2). L'(G) can be identified with L'(R) X L'(R) as a Banach space. A
simple computation shows that f € Z'(G) iff f = (£, 0), f; € LY(G) with
fi=1Y (fV() = fi(x™Y). In general, it is not true that (f,f) €S (G)
implies (f,, 0) € S'(G) (even for the direct product Z(2) X R we can take
SYG) = {(fu s fo € LNG), f, + f, € L'R)} as a counterexample).
Moreover, (f;, 0) € S'(G) does not imply (f\, 0) € SY(G) [3, p. 181].

ProoOF. We can restrict our attention to the case G € [IN]. Since Z°(G) =
Z'(G) N S'(G) holds, we may assume that Z'(G) # {0}-otherwise there is
nothing to prove. But then G belongs to [IN] [6].

We may even assume that G € [SIN]. If G € [IN], there is a compact
normal subgroup K such that G/K € [SIN] [1, (2.3) Theorem]. Moreover,
the center Z'(G/K) of L'(G/K) is isometrically isomorphic to Z(G) via
f—fo @, f € L'(G/K), where 7 is the canonical homomorphism of G on
G/K. Since f € S'(G) implies my * f € SY(G), where my is the Haar
measure of K, and since g € Z'(G) implies my * g = g © m,, we need only
consider the case G € [SIN].

Letf € Z'(G), ¢ > 0. We choose g € S'(G) with

@ If— gl < e
By Theorem 1 there exists u € Z°(G), |lull, < K (K is a independent
constant; see Remark at Theorem 1) with
® g *u—g|s<e
Now, (4) and (5) imply that

IF*u = A <llully 1 — 8l g * = gl +S = gl <2+ K)e
holds.
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REMARKS. (i) It follows from [5, p. 149] that the center of LY(G) is
isometrically isomorphic to the center of the group algebra of an [FIA],
group. We do not see any way to simplify the last proof using this fact, i.e. to
prove the theorem without using Theorem (2.13) of [1]. However, the result of
Theorem 2 is independent of group structure. It would be of interest if
Theorem 2 is true for general dense Banach ideals.

(ii) Analogously to [4] we can prove: The following statements are equiva-
lent:

(@) G € [FIA].

(b) For every Segal algebra S'(G) the closed two-sided ideal S%G) =
{fIf € SY(G), [f =0} has multiple approximate units belonging to the
center of S°(G). The proof is the same as in [3], using Theorems 1 and 2.

If G is a discrete or locally compact Abelian group, every Segal algebra is
invariant under the right translation operators R,y €G, where

Rf(x) =f(w~")As(y™") &E€LYG)
(For discrete G, L'(G) is a Banach algebra with unit; therefore, there does
not exist any dense left ideal except L'(G).) B. E. Johnson constructs
non-right-invariant Segal algebras on very special groups in [3, p. 182].
Constructing some new examples of Segal algebras, especially such, which are
not-right-invariant, by the way, we have the following:

THEOREM 3. The following statements are equivalent:
(a) G is discrete or Abelian.
(b) Every Segal algebra is right invariant.

The proof (a)=> (b) is trivial. To prove (b) = (a) we construct on every
locally compact group, which is neither discrete nor Abelian, a non-right-
invariant Segal algebra.

DErFINITION. Let H be a closed (not necessarily normal) subgroup of G. A
dense linear subspace S'(G/H) is called a Segal module, if the following
conditions are fulfilled:

@ S'(Gj H) is a Banach space with respect ot a norm || || such that
Il < Hflls,f € S'(G/H).

(ii) S'(G/ H) is invariant under /\ yEGandy > /\yf is a continuous
function of G in S‘(G/H) for cveryf € S'(G/H).

@) [| Aflls = IIfls-f € SY(G/H).

EXAMPLES. (a) If H is normal, S'(G/ H) is a Segal algebra.

(b) If G/H has an invariant measure, L' N L?(G/H), 1 < p < 0, and
L'n C%G/H) are Segal modules with the norms || fl|s = I fl; + I l»

respectively, || flls = [l fll; + 1| fll.o-
(c) We write ! for the Banach space of all complex-valued absolutely
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summable sequences a = (a,), With the usual norm |ja]|, = Z|a,|. Let ¢ # 0
be a positive function of K(G/H). Consider the functions f on G/H such
that there exista € /! and y, € G, n > 1, with

©) |f )| <Zah,g(2), *€G/H.

Setting || f|l - = inf{|ja]|;|a € I" satisfying (6)}, f € K(G/H), the completlon
WY(G/H) of K(G/H) under the norm || ||, forms a Segal module.!

PrOPOSITION 1. Let S'(G/ H) be a Segal module. Tj; (SN(G/ H)) is a Segal
algebra on G with the norm || fl|s = || fll; + | T fll s f € T (S'(G/H)).

Proor. This is a straightforward calculation left to the reader.

REMARK. Let G be the “ax + b”-group, ie. the semidirect product of R
with R%, and H = R% (one can also take the semidirect product of the p-adic
numbers Q, with Z and choose H = Z). For every Segal algebra S'(G) we
obtain Ty (S'(G)) = L'(G/H); in particular, from Proposition 1 it follows
that L'(G/ H) is the only Segal module on G/ H.

We have G/H = R, and the relatively invariant measure on G/ H is the
Lebesgue measure on R. An easy calculation shows that

Af (@) =a(-a"a+a'%), € Ry=(a,0a)€GfEL(R),

holds. Therefore, S'R) = Ty ,(S'(G)) with the quotient norm is a Segal
algebra, on which the operators M, p >0 (M,j(x) of %), X ER, f €
L'(R)) acts as isometries. For (g = 1 g € S'(R), (M,g),~, are approximate
units bounded in S'[R) (cf. [7, Chapter 1, §6.4,(8)]). Therefore, we get
S'(R) = L'®R) [8, p. 42].
It should be mentioned that for G = Q,, X,Z, SY(G/Z) = L\(G/Z) and
S'(G/Q,) = L'(G/Q,) for every Segal module,

PROPOSITION 2. Let H be an open subgroup of G. Let S'(H) be a Segal
algebra on H. (x,),c4 denotes a complete system of representatives of
G mod H. For a € A let f, € L\(H) be defined by f, = (Lx; )| -

$10) = {1 e @)L e s (ac tand S Vdoun < =)

is a Segal algebra with the norm || fl|s = 2 e all full sary:

PRrOOF. A routine computation shows that (S,) and (S,) are fulfilled. Since
forf € SY(G),y € G, a € A, we have

©) (LSf),= Lyfy withy~'x, = xe¢ "' (B € 4,{ € H),
it follows that S'(G) is left invariant and ||L,f||s = || flls. For f € S(G),

!This example is due to H. G. Feichtinger (4 characterization of Wiener's algebra on locally
compact groyps, Arch. Math. 29 (1977), 136-140).
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y € G, & > 0 there exists a finite subset F C A with

® I5S =~ 1< S B, = Ll + e/
There is a neighbourhood V' ¢ H with
©) EF"% ~Jlsimy <e/2 v EV.

Since y — x 'y ~lx, is continuous, we take a neighbourhood U such that
x7'WW~'x, C V.Fory € U we obtain, by (7)~9),

ILf = flls< e

PrOPOSITION 3. Let G be a nondiscrete, Abelian group and U an open,

nontrivial subset of G. There exist a Segal algebra S'(G) and f € S'(G) such
that f- C, & S'(G).

Proor. If G is connected, Proposition 3 is trivial (take S'(G) =
C%G)). It suffices to prove Proposition 3 for the compact case (every locally
compact Abelian group has an open subgroup of the form R* X K, where K
is compact).

Case A. The support $ of C‘U is infinite. Define

S'(G) = L'(G),
(G)=1N/€ ()Es ICu( )

|f(x)| < oo]

and

= + y X
M=t 2 1z o @l
(compare (8, §5, (VI)]). Now take f(x) =1, x € G.
Case B. The support S={yl1<m< M} of C, is finite. Consider
S, = S\ {&). There exists an infinite set 4 = {4,|n > 1} such that y, A4
0< m< M(y,=é),are mutually disjoint (construct successively finite sets

A, C 4, such that $nA, 0< m< M, are mutually disjoint, and set
A= ,,>,A ). Let
S'(G) = {g|g e L'(G), 3 n|§(4)| < oo}
n>l1
and

ll8lls=18ll+ 21 n’|g(d,), g€ S'(G)
n>

Now take f € L'(G) such thatﬂ/; =0 holds, but f(—)?m +4,) =c, /2",
1< m< M,n> 1, wherec, = Cy(y,), 1| < m < M. Since
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N . M a a
[ CuE)= 2 cof (I + %), £EG,
m=1

we have f- Cy, & S'(G).

PrOPOSITION 4. Let G be Abelian and not discrete. For id # o € Aut G

there always exists a Segal algebra S'(G), which is not invariant under o, i.e.
there is an f € S'(G) with S, & S'(G) (S,f(x) = f(ox)).

ProOF. Assume for the moment that there exists a discrete sequence
(4,)n>1 in G tending to infinity such that

10) éa, # a,, nm>1,

holds, where 6 denotes the continuous automorphism on G defined by
{x, 6%) = {67 'x, x), x € G, % € G. Then take

5'(G) = {glg € L'(G), Trg(4,)| < 0}
with
lels=llgli+ 2% £(E)]-

Since {6d,|n > 1} is discrete and {d,|n > 1} is closed, we can find a
neighbourhood 17,, of 64,, n > 1, which does not contain elements 4, k>1,
or elements 84,, k # n, k > 1 (see (10)). Since L'(G) is regular, there exist
f, € LY(G) such that £,(34,) = 1, supp f, € ¥,, || fll, < 1 hold for all n > 1.
Set f = Sn=%f. We obtain f(4,) = 0, n > 1, hence f € S'(G), but 5,/ (4,) =
n~% n > 1, hence S,f & S'(G).

The construction of a sequence with the properties above can be easily
given by induction (Since G is not compact, outside of every compact set
there always exists an element a with 6d # 4.)

LEMMA 2. Let G be a nondiscrete and non-Abelian group. If there exists a
compact, open, Abelian, nonnormal subgroup H, then there exists a non-right-
invariant Segal algebra on G.

Proor. Take for S'(G) a Segal algebra of the form in Proposition 2. There
exist an element y € G and a € A such that x,Hy is not a left coset.
Therefore, we can choose B € A with x,Hy # xgH. We set xaU = x, Hy N
xgH # . Now, we take 0 # f € S'(G) such that f, = 0,y # a, y € 4. We
obtain (R,f)z = f,Cy. Proposition 3 proves the existence of S'(H) and
f. € S'(H)such that f, - C, & S'(H).

LeEMMA 3. Let H be a closed, nonopen, nonnormal subgroup of G such that
G/H has an invariant measure. There exists a non-right-invariant Segal
algebra on G.
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Proor. SY(G/H)=L'n Cé(G/H) # LY(G/H) is a Segal module. By
Proposition 1, S'(G) = Ty (L' n C%G/H)) is a Segal algebra. We take
y € G, h € H and a neighbourhood U of the identity such that
an Uhn UyHy '= 2
(H is not normal and, in particular, G is regular!). There exists f € L'(G)
such that supp f C U and f € S'(G). Take a neighbourhood ¥ c U and
f € L\G/H)with supp f C m,(V)andf & S'(G/H). We set

f(x) = [f * Ta(K()/ Tk  74(x), % € VA,
0, x & VH,

where k € K (G) with supp k C U and k(x) > 0, x € V. Takey and A such

that (10) is fulfilled. R,f — f belongs to ker T, [7, Chapter 8, §2.5]; in

particular, R,f — f € S'(G). If R,f € S'(G) or Rf € S'(G) holds, the

proof is finished. On the other hand, if R,,f & S'(G) and R.f & S'(G) hold,

it follows from (7) that we have

supp Ty (Ry,f) N supp Ty (R.f) = @.
Therefore R,(R,f — f) does not belong to S'(G).

LeMMA 4. Let G be a unimodular group and H a closed, nonnormal subgroup
of G. There exists a non-right-invariant Segal algebra on G, if G is not discrete.

PrOOF. H being a union of monothetic groups, we may assume that H is
isomorphic to Z or is compact and Abelian [2, p. 85], in particular, H is
unimodular. If H is not open, one can use Lemma 3, since G/H has an
invariant measure (cf. [7, Chapter 8, §1.4]). If H is open, H must be compact
and Abelian. Now, Lemma 2 yields the result.

LEMMA 5. Let G be a nonunimodular group. There exists a closed, nonnormal
subgroup in D = {x|x € G, Agz(x) = 1}.

ProoOF. Assume that every subgroup contained in D is normal. There exists
an open Lie-projective subgroup L = proj lim L/K,. Since K, are compact,
consequently, K, C D, we have G = proj lim G/K_; in particular, it follows
that there is a compact, normal subgroup K such that G/K is a nonuni-
modular Lie group. Therefore, we can restrict our attention to Lie groups.
For x € D, N = H_ D is a closed, normal subgroup of G, where H, denotes
the closed subgroup generated by x. (N is normal, since G/ D is Abelian; N is
closed, since N/ D is isomorphic to Z.) From [7, Chapter 3, §3.6(4)), it follows
that N is not unimodular. We write K, for the maximal compact subgroup
of the connected component D, of the identity in D. For any symmetric,
precompact neighbourhood U C Dy, UKy, is a precompact neighbourhood
in D. For y € U\ Ky,,, we have z"Yyz € {y~\,y}, z€G. (H, is not
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compact. This implies H, = Z, but Aut Z consists only of two elements.)
Therefore, UK,,,, is invariant under the inner automorphisms, which implies
N € [IN]}, in particular, N is unimodular, a contradiction.

PROOF OF THEOREM 3.

Case A. Assume that every closed subgroup is normal. From [9] it follows
that G contains an open, normal, Abelian subgroup of index 2, which does
not belong to the center of G. Therefore, there exists a nontrivial
automorphism on H induced by an inner automorphism of G; using Propo-
sitions 4 and 2, we obtain a Segal algebra S'(G) such that L, R,-.S'(G) #
S'(G) holds, where y is not contained in the centralizer of H.

Case B. Assume that G contains a nonnormal, closed subgroup H. We may
assume that G is not unimodular (see Lemma 4). By Lemma 5 we can choose
H contained in D, in particular, G/H has an invariant measure (cf. [7,
Chapter 8, §1.4]). If H is not open, use Lemma 3. If H is open, we can argue
asin Lemma 4.

ReEMARKS. (i) In Case A of the proof above, we give a more explicit
construction of a non-right-invariant Segal algebra in the following way.
Since G =H X 4 is the direct product of the quaternion group H with a
nondiscrete Abelian group 4 (cf. [9]), we consider L'(G) as L'(4)®, i.e. for
g € L'(G) we write f = (fy)sen, Where f, = fl(nyxar & € H. Take any Segal
algebra S'(4) # L'(4) and define S'(G) by

FESY(e)ifffi+ if.foj+ if_pfr +if fh + iy
for + i fi + ifif + if o f_i + if, belong to S* (4).

If we take g € S'(G) such that g_, = —ig, = — g, = ig_, & S'(4), we
obtain

(R_,;8),+ i(R_;g8),= g_1 + ig_, & S'(4).
(ii) Let G = Z(q*) X sZ, be the semidirect product of the cyclic group of

order g* with the p-adic integers, where p divides g*~'(g — 1). Every
nontrivial subgroup of G is open (we cannot dispense with Lemma 2).
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